Free 'volume' of the one dimensional hard rod and the two dimensional hard disk systems is obtained analytically and compared to that of the three dimensional hard sphere system obtained numerically. The logarithm of the free volume plotted against the number of holes makes an S-shape in cases of hard sphere and hard disk systems, in contrast with the hard rod system in which case it is a monotonical convex function. Similarity between these dependences of hard sphere and hard disk systems is shown to be closely connected not only with the melting transition, but also with the existence of three phases in the case of hard core systems with attractive potentials. § 1. Introduction
In a previous article,l) we evaluated the free volume of the hard sphere system and pointed out the possibility that the melting transition of the hard sphere system can be described within the framework of the hole theory (we shall refer to the article as I). The conclusion of I may be summarized as follows:
1) The "free volume curve", which is defined to be the logarithm of the free volume plotted against the number of nearest-neighbour holes makes an S-shape.
2) Taking this into account in the hole theory, the equation of state shows van der Waals loop and the system exhibits a first order transition.
3) Melting transition in this theory can be interpreted as a condensation of holes. We found that the concavity of the free volume curve for a small number of holes may be an essential element of this transition.
The first purpose of the· present paper is to calculate the free 'volume' of lower dimensional hard particle systems and to point out the relationship between the free volume curve and the melting transition. Free 'volume' of the hard rod and the hard disk systems with the neighbouring molecules fixed at their cell centers is obtained analytically and compared to the one of the hard sphere system obtained numerically. The free volume curve of the hard disk bears a resemblance to that of the hard sphere. On the basis of these results, we shall be able to classify these hard particle systems into two groups: one which has a tendency to exhibit a transition and the other which has no possibility of a transition. The hard sphere and disk systems belong to the former group, while the hard rod system to the latter group, which is consistent with the exact equation of state of the hard rod system.
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In this model, the three dimensional system exhibits a first order transition, while the two dimensional system shows signs of a transition but has no transition.
The second purpose is to give the free energy and equations of state for the hard core systems with attractive potential. We shall see that the S shape of the free volume curve *) Present address: Research Institute for Fundamental Physics, Kyoto University, Kyoto 606.
is essential for the existence of three phases.
The names of the systems will be abbreviated as follows: a) one dimensional hard rod system --HR system, b) two dimensional hard disk system --HD system, c) three dimensional hard sphere system --HS system, d) these systems with attractive potential --HRA, HDA and HSA systems.
We use the words: "volume" for the length in one dimensional system or the area in two dimensional system, and "hard particle system" for the hard rod, disk or sphere system. § 2. Formulation
In Paper I, we adopted the expandable lattice method on the conventional hole theory. An advantage of this method is to determine naturally the size of the cell which is a parameter of the theory. However, the treatment with the cell size fixed is easier to see the essential element of the hole theory which is responsible for a transition. In addition, there is some difficulty to extend the expandable lattice method to higher order approximations beyond the Bragg·Williams approximation in the cumulant method as will be discussed in Appendix B.
In this paper, we treat the hole theory with the cell size fixed and introduce an approximation which we shall call the single site approximation. The free volume is identified with that calculated with the neighbours fixed at their cell centers.
1. Single site approximation
The model consists of a lattice similar to the close packing one whose cell volume VL is A times larger than that of the close packed lattice Vc,
(2·1)
If we -choose the size of the cell sufficiently small to be able to neglect the multiple occupaticn of the cell by molecules, we can obtain an approximate partition function from the exact one in the form,3)
Here, c represents a particular configuration of N molecules in L cells and the summation is taken over configurations which differ by more than an interchange of molecules. 
where the bracket denotes the averaging operation defined by
Thus, g (L, N) is the total number of distinct configuration,
The average value of X.tia is independent of the molecule number x and of the pattern a. We denote this by ni, which is given,
where z is the number of nearest neighbour sites.
Blomgren 4 ) applied the cumulant method to the calculation of the partition function and formulated the free energy elaborately up to the second order cumulants for fcc lattice. The formula, however, lacks the dependence on a and is not applicable to our case.
We may obtain a rough estimate of the second order cumulant neglecting the correlation between molecules in the averaging operation (2·5). Then, the average of the exponential function factorizes into a product of the single molecule average (see Appendix A)
and the cumulants are the sum of those for each molecule. We shall denote the n-th order cumulant of each molecule as kn(ilal, "', inan), defined by
n.
and a first few terms of the cumulants are easily calculated,
where 8 ij is the Kronecker delta.
Free energy and equation of state
The configuration part of the free energy is obtained by Eqs. (2·5) and (2·9) as
where we have used Stirling's formula. The last term presents the cumulants of Ita introduced in Eq. (2·10),
We put down here a first few terms,
. where ml is defined by
The ratio of the total volume V to the minimum close packing volume Vo is given by the use of Eq. (2·1),
where x is the 'mole fraction' of the molecules,
x=N/L.
Thus, the equation of state of the system is given by
where y is the 'mole fraction' of holes
In the case that the equation of state draws van der Waals-like unstable curve, we should calculate the Gibbs free energy
and identify the lower free energy phase. § 3. Free 'volume' of HR, HDand HS systems
In this section, we calculate analytically the free 'volume' of the HR and HD, and . contrast with the free volume of the HS calculated numerically in 1. Our term, "free volume" is restricted in this paper to that with the neighbours fixed at their cell centers, which is defined as
where the integral is restricted within its own cell L1 and Wia( r) is the sum of the potentials of i neighbouring molecules with pattern a. In the hard particle case Wia(O) =0, and the integrand is stepwise function 0 or 1.
1. Analytical results of HR and HD
In a linear chain, a molecule has two nearest-neighbour sites. There are only three cases; i.e., the molecule may have 0, 1 or 2 neighbouring molecules. The free volume with the neighbours fixed at their cell centers is shown in Table I , where we have denoted the length of the rod as 6 and distance between the lattice sites as r. When r is sufficiently close to 6, V2a is very small compared to the size of the 'cell' and VIa is about half of VOa. Thus the logarithm of the free volume grows rapidly when we put one neighbouring hole. over distinguishable patterns a ,
In a two dimensional hexagonal lattice, a molecule has six neighbouring sites and there are 2 6 (= 64) distinguishable distribution patterns. In this case, the free volume depends on patterns as well as on the number of the neighbouring molecules. The free volume is obtained analytically and exhibited in Table II , where we have denoted the diameter of the disk (J and the distance between the lattice sites r. In Fig. 1 , we can easily see that the free volume does not increase appreciably when we put one neighbouring hole, and then grows rapidly as we put two or three neighbouring holes. It should be noted that the molecule whose neighbouring holes are joined together has larger free volume than the dispersed one. This embodies the effective attraction between the holes suggested in 1.
Numerical results of the free volume of HR, HD and HS
The free volume of HS is calculated numerically in 1. We define the averaged value of (In Via )1 by the arithmetical mean (3· 2) 
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The result is shown in Table III for 1=1, 2 for later use. In Table IV , the dependences of In Vi on i of HR, HD and HS in the case (J/r=O.9 are shown for comparison.
Using these values or analytic results of {In Via} in the case (J/r=O.9 as {Aia}, one can obtain the cumulants, ~A> or ~ln Via>, which we shall call 'free volume entropy'. Let us note some trivial equality to make use of the data in Table III monotonically decreasing function of y. The first order derivative of ~ln V~ makes a Ashape in the case that the free volume entropy makes an 5, such as HS and HD cases. Thus, in this case, the second term has an increasing region and there is a possibility that the equation of state exhibits a van der Waals loop. In contrast to this, the derivative of free volume entropy of HR is a monotonically decreasing function of y and there is no possibility of a transition (see Fig. 3 ).
We draw the resulting equations of state of HR, HD and HS systems by setting 6/ r =0.9 in Fig. 4 . The second approximation equation of state of HS system exhibits the first order transition and that of HD system shows signs of a transition. It should be noted that these results do not change seriously when the size of the cell is close to the minimum close-packed one. Let us recall here the results in Paper 1. The treatment of I is based on the expandable lattice method and the number of holes grows rapidly in the transition region. This might be interpreted as a melting. The essential circumstance of the transition in I is also an 5 shape of ~ln v'5J> in common with the present treatment. § 5. Equations of state of the hard core systems with attractive potential
Simple approximate treatment of the attractive potential is to idealize so that the potential energy of the molecule pair arranged at nearest-neighbouring sites is -c and otherwise zero. Then, ,.1ia should be written as in Eq. (2·3) ,.1ia=ln Via+ id 2kB T .
Furthermore, we assume that the potential is constant within the cell. Then, the value of the free volume is identified with that obtained in the case of hard particle systems.
Previous lattice-gas models based on the hole theory neglect the first term or approximate this to the pairwise interaction and are able to describe only a transition between two phases which is regarded as a condensation. Our aim in this section is to point out the possibility that the hole theory might be able to describe two phase transitions among three phases.
We shall approximate here the effect of attraction term in an additive form in the first order approximation, where FHP is the free energy of the hard particle system. The first order approximation of the attraction term is obtained as 
where PHP is the pressure of the hard particle system. It should be noted that this latter term can be identIfied as the van der Waals attraction term. Let us first discuss what we can expect from this. Equation (5·3) may be rewritten as The first term is a monotonically decreasing function of y. The two terms in the square bracket of the second term come from the free volume entropy and attractive part of the potential energy; the former makes a A in the cases of HS and HD. As d ks T grows, the right-hand side foot of the A begin to submerge into negative value. As a result, the product of these two terms and (1-y)2 has two increasing regions (see Fig. 5 ). Thus, there is a possibility that this equation of state has two van der Waals -like instabilities. From this discussion, we recognize the importance of the 5 shape dependence of ~ln v~ for the existence of three phases, i.e., both the concavity for small y and the convexity for large y.
We have chosen the second approximation free energy or pressure for the original hard particle systems and have calculated the equations of state of these systems with attractive potential. The resulting p. T diagrams are drawn in Fig. 6 . It is interesting to see that the HDA system has two critical points. This comes from the fact that our original equation of state of HD system shows signs of a transition but has no transition. It appears that this hole model may not be a model proper to the two dimensional system. This might be because the 'hole' is not a stable substance in two dimensional system. These results can be interpreted as equations of state of the hard particle systems with the Kac potentialS) which is a weak, long-range force. We remark here that the equation of state treated by setting the two terms of Eq. (5'1) simultaneously to first or second order cumulants does not lead three phases in HSA and HDA systems. This may be because the free volume with the neighbours fixed at their cell centers does not estimate appropriately the effective free volume surrounded by the neighbouring molecules, which will be discussed in the next section.
We can obtain Kamerlingh and Onnes' constant of the critical point of the HSA system,
K
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PcVo A . and packing fraction 7J, which is defined as the ratio of the total volume of the spheres to the volume of the system is given by
It is rather remarkable that this critical packing fraction is close to the one obtained by the equation of state for HSA system based on the simple analytical equation of state for the fluid phase of HS system given by the author:6)
_1)/ 2=0.1300. (5) (6) (7) (8) This suggests that the second transition is not an accidental one but we can identify this transition as a condensation which divide the fluid state into liquid and gaseous states. § 6_ Discussion Our attempt clarifies the possibility and the circumstance that the hole theory may describe not only the hard sphere transition but also the existence of three phases of the hard core systems with attractive potential.
The dimensionality shows up essentially in the shape of free volume entropy ~lnv~, which is an essential element determining the qualitative feature of the equation of state of the hard particle systems. In the three dimensional HS system, the free volume entropy makes an S, while that of one dimensional HR system is a monotonic convex function. The free volume entropy of two dimensional HD system has an S shape, which means that this system is akin to the three dimensional HS system in this theory, and has makings of a transition.
Let us comment on the approximation adopted in this paper. The 'single site approximation' neglects the correlation between the molecules as is shown in Appendix A. However, it is obvious that the accurate second order cumulant without neglecting the correlation between molecules is also semipositive definite .which may give qualitatively the same results as those of our approximation (Fig. 2) .
There is room for improvement in our theory. That is to improve the estimate of the free volume. The free volume calculated with the neighbouring molecules fixed at their cell centers might underestimate the effective free volume when there are some holes around the molecule. The reason of this is that the nearest neighbouring molecule may also have its neighbouring holes and have large freedom of motion. Our model may become more realistic one when this difficulty is overcome.
